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1 Introduction

In our paper, “A Fixed Point Theorem for Measurable Selection Valued Correspon-
dences Induced by Upper Caratheodory Correspondences,” (Fu and Page, 2023,
2022b) we argue that any measurable selection valued correspondence, S*°(Py.)),
induced by the composition of an m-tuple of real-valued Caratheodory functions,

(w,y,2) — U(w, v, x) := (U1 (w,v1,2),...,Un(w,vm,)), (1)
with an upper Caratheodory (uC') correspondence,
(("‘)7U) —>N(w,v), (2)

o (w,y, ) — P(w,v) := U(w,v, N (w,v)) "
3
={(U1(w,v1,2),...,Un(w,vm,x)) : 2 € N(w,v)}

has fixed points if the underlying uC' correspondence, N(+, ), in the composition, con-
tains a continuum-valued uC' sub-correspondence, (-, ).} This statement is incorrect.
The presence of a continuum-valued uC' sub-correspondence is not enough. In order
to establish that the induced selection correspondence, SOO(P(.)), has fixed points,
the uC' composition correspondence must induce a contractibly-valued selection sub-
correspondence. Here we will show that in many problems involving Caratheodory
compositions, as in (3), especially those arising in discounted stochastic games where
the m-tuple of parameters is given by an m-tuple of essentially bounded measurable
functions,
v=(V1,...,Um) €LY, X -+ X L =LY,

with =M < v4(w') < M a.e. [u], the underlying structure of the problem is such
that the induced selection correspondence, v — S°°(P(-,v)), naturally contains a
contractibly-valued sub-correspondence. The key property that ensures that this is
the case, is the K-limit property. Stated informally, a selection sub-correspondence
has the K-limit property if its graph contains all of its K-limits (i.e., its Komlos
limits - Komlos, 1967). Under precisely the same assumptions as in our prior paper,
but with the following strengthening of those assumptions - (1) that the probability
measure governing the state space is nonatomic, and (2) that the m-tuple real-valued
Caratheodory functions,

(w,v,2) — U(w,v,z) := (U1(w,v1,2), ..., Un(w,vm, x)),

in (3), is such that each player’s payoff function, (w,vq,x) — Ug(w,vg, x), is affine
in vg - we will give a correct statement and proof of our fixed point result. We
will refer to the functions, (1), as affinely parameterized Caratheodory functions (i.e.,
measurable in w € €, jointly continuous in (vq,z) € L§ X X, and affine in the

'"Here U(-, -, ) is measurable in w and jointly continuous in (v, x) and N(-, ) is jointly measurable
in (w,v) and upper semicontinuous in v.



parameter, vg). Under our strengthened set of assumptions (all listed below), we
take as our starting point a continuum-valued, uC composition correspondence,

(w,v) — p(w,v) = U(w,v,n(w,v))

={(U1(w,v1,2),...,Un(w,vm,x)) : x € n(w,v)},

induced by a continuum-valued uC' sub-correspondence, 7(-,-), and using a result due
to Page (1991) we show that the induced selection sub-correspondence, S*°(py.)), has
the K-limit property.? Given the near equivalence of K-convergence and weak star
convergence, as a consequence of S (p(,)) having the K-limit property, we are able
to show that any such selection correspondence, Sw(p(l)), is upper semicontinuous
and takes contractible values (with respect to the weak star topologies) - implying
that S*°(p(.)) is approzimable (with respect to the weak star topologies) and has fired
points (i.e., v* € L3 such that v* € S®(p+)).

The sequence of arguments and implications described above is precisely the line of
reasoning which must be brought to bear upon the fixed point problem that arises in
connection with the Nash payoff selection correspondence belonging to a nonatomic,
convex discounted stochastic game (DSG). In a nonatomic, conver DSG,
the Nash payoff selection correspondence arises from the composition of the upper
Caratheodory Nash correspondence with the m-tuple of affinely parameterized, uni-
formly bounded, real-valued, Caratheodory player payoff functions - inducing, there-
fore, an approximable Nash payoff selection correspondence having fixed points. It
then follows from Blackwell’s Theorem (1965) extended to DSG's, that all nonatomic,
convex DSG's have stationary Markov perfect equilibria (SM PE). We note that the
presence of an upper semicontinuous Nash payoff selection sub-correspondence taking
contractible values is critical to the existence of stationary Markov perfect equilibria.
Upper semicontinuity and contractibility guarantee the existence of one-shot Nash
equilibria and rule out circular Nash payoffs (i.e., Nash payoffs homeomorphic to the
unit circle). Thus, upper semicontinuity and contractibility eliminate the key building
block for constructing counterexamples to the existence of SM PE (see Levy, 2013,
and Levy and McLennan, 2015). Also, we show by example that the assumption
that players’ state-contingent feasible action sets are convex is critical to establishing
that the Nash payoff selection correspondence contains a sub-correspondence that is
upper semicontinuous with respect to the weak star topologies.

Now to the details.

2 Primitives and Assumptions

We will maintain the following list of (strengthened) assumptions throughout, labeled
[A-1] - a list essentially the same as in our original paper paper. We will present our

?Fu and Page (2022a) have shown that all one-shot games underlying an uncountable state, convex
discounted stochastic games have Nash correspondences containing a continuum-valued, minimal uC
Nash sub-correspondence taking minimally essential Nash values (essential in the sense of Fort, 1950).



fixed point result in a game theoretic setting, but the result has applications outside
of game theory.

(1) D = the set of players, consisting of m players indexed by d =1,2,...,m and
each having discount rate given by 5,4 € (0,1).

(2) (Q, Bq, 1), the state space where € is a complete separable metric spaces with
metric pq, equipped with the Borel o-field, Bq, upon which is defined a nonatomic
probability measure, 1, often referred to as the dominating probability measure.

(8) Y :=Y1 x -+ X Yy, the space of players’ payoff profiles, y := (y1,...,Ym), such
that for each player d, Yy := [—M, M|, M > 0, equipped with the absolute value
metric, py,(Yd,Yy) = [ya — ygl and Y is equipped with the sum metric,

Py =D _q Py,

(4) X := X1 X+ x Xpy = HXd C FE:= HEd’ the space of player action profiles,

d d
x = (x1,...,Tm), such that for each player d, X4 is a convex, compact metrizable

subset of a locally convex Hausdorff topological vector space E4 and is equipped with
a metric, px,, compatible with the locally convex topology inherited from Eg, and X
is equipped with the sum metric, px == > Px,-

(5) w — Py(w), is player d's measurable action constraint correspondence, defined
on € taking nonempty, convez, py -closed (and hence compact) values in Xg.

(6) w— P(w) := P1(w) X -+ X ®p,(w), players’ measurable action profile
constraint correspondence, defined on ) taking nonempty, convex, and px-closed
(hence compact) values in X.

(7) 8°(®q4(-)), the set of all p-equivalence classes of (Bgq, Bx,)-measurable
functions (selections), x4(+), defined on Q such that in x4(w) € Pg(w) a.e. [p], and

SPUB()) = EF(@1(+)) x - x 8%(Prn (1)) (4)

the set of all p-equivalence classes of measurable profiles (selection profiles),
z(+) = (z1(+), ..., xm(")), defined on  such that

z(w) € P(w) := P1(w) X -+ X Dy (w) a.e. [

(8) LS, the Banach space of all pi-equivalence classes of measurable (value)
functions, vy(+), defined on Q with values in Yy a.e. [u], equipped with metric Pus
compatible with the weak star topology inherited from L.

(9) LY = LE X x L C L7n, the Banach space of all p-equivalence classes of
measurable (value) function profiles, v(-) := (vi(:),...,vm(*)), defined on Q with
values in Y a.e. ], equipped with the sum metric p,. =) P compatible with
the weak star product topology inherited from L.

3We will refer to the nonatomic probability measure, p, as the dominating probability measure.
ECQ is an atom of Q relative to p if the following implication holds: if u(E) > 0, then H C F
implies that u(H) =0 or u(E—H) = 0. If Q contains no atoms relative to u, then u is a nonatomic
probability measure. Because €2, is a complete, separable metric space p(-) is nonatomic if and only
if p({w}) = 0 for all w € Q (see Hildenbrand, 1974, pp 44-45). Also, note that the o-field, Bq is
countably generated. All the results we present here remain valid if instead we assume that Q is an
abstract set, but one equipped with a countably generated o-field (Ash, 1972).



(10) ug(-, ) : Q x Yy x X — Yy, player d's Caratheodory payoff function,
measurable in w € Q, jointly continuous in (yq,x) € Yy x X, affine in yq € Yy, and
quasiconcave in g € Xt

(11) q(-]-,+) : @ x X — A(Q) is the law of motion defined on Q x X taking values
in the space of probability measures on §, having the following properties: (i) each
probability measure, q(-|w, ), in the collection

QY x X):={q("|w,2) : (w,z) € Q2 x X} (5)

is absolutely continuous with respect to p (denoted Q(Q x X) << ), (i) for each
E € Bq, q(E|-,-) is measurable on  x X, and (i) the collection of probability
density functions,

Hy, = {h(-lw,2) : (w,2) € 2 x X} C LR(V), (6)
of q(+|w,z) with respect to u is such that for each state w, the function
(T, 2—a) — h(W'|lw, 24, 24) (7)

is continuous in x and affine in x4 a.e. [u] in w'.> Sometimes we will assume that
(iv) for each w € Q, the collection of densities, H,,, is uniformly p-continuous, i.e.,
for each € > 0, there is a 6 > 0 such that if for S € Bq, p(S) <4, then

h(S|w,x) = fS W |w, z)du(w') < e for all z € X.

2.1 Remarks

(1) Under assumptions [A-1](10), for each player d in each state w, the payoff function
(integrand), (yq, x) — ug(w,yq, x) is jointly continuous on the compact product set
Yy x X, implying that for each w, ug(w, -,-) is uniformly continuous on the compact
product set, Yy x X, and as a consequence, for each w, the affinely y4-parameterized
collection of state w payoff integrands, {ugq(w,yq4, ") : yq € Yy} is uniformly equicon-

tinuous. Thus if ™ — x*, then for any € > 0 there is an integer, N, such that
Px

if n > N, then |ug(w,yq, z") — ug(w, yd, x*)| < € for all y; € Yy. From this we can

deduce that if v} — v and 2™ — 2* then
pw; Px

ug(w, vy (-),z") 7 ug(w, vg(+), z%).
wa

Yug(w, -, x) is affine in yq if for y§ and yJ if for a € [0, 1],

Ud(w, Oéyg + (1 - a)ycllvx)
= aug(w,y3, ) + (1 — @)auq(w, yg, ).

wa(w, ya, -, T_q) is quasiconcave in x4 if for 23 and z} if for a € [0, 1],

Ud(w,yd, amg + (1 - Oé)l'é,l'fd)
> aua(w, ya, 23, 2-a) + (1 — a)ouq(w, Ya, T4, T—a).

P L1(Q) is the Banach space of u-equivalence classes of integrable real-valued functions defined
on €.



To see this, suppose we have a subsequence, {ug(w,v;*(+), 2" )}, such that for some
¢’ > 0 and player d’

P, (ta(w, vg* (), "), ua(w, v3(-), 7)) > €. (8)
We have for player d’ and g(-) an arbitrary element of the dual, £}, that

oo [t (s 0 (@), 270) = g w0, 03 (), ) - 9 ()] dpa(e’)] )

< / (0, 0728 (@), ) — g (w0, 07 (), 7)) [g(e")| ()
Q

(4) 9)

_l’_

| Lo, 3 ),0%) = 3. 2)) - )] de)

(B) J

First for (A) we have by uniform equicontinuity that for & sufficiently large,

n n n * 5,
’ud/(w,vd,’“(w'),x F)— ud/(w,vd,‘“(w’),x )} < e (10)
for any value of v} (w’). Therefore, we have for (A)
(A) = |fo [ (oo (), 27) — e, 0 (), ) - )] ()|
< Jo [ua (w,vgh (W), 27) = ug (w, vgf (@), 2*)] - |g(w')| du(w’) (11)

= [olg(W)]du(w’) = & llg()]l; — 0 ase | 0.

To see that (B) — 0, observe that because v}* — v}, we can assume that
Pu
d

v - v%, implying via the affinity of ug (w, -, z*) on Yy that ug (w, v} (-), z*) -
ug (w, v} (+), z*), further implying via the near equivalence of K convergence and Puy-

convergence that ug(w,v)f (), 2*) — ug(w, v} (-),z*). Hence (B) — 0. Together,
w,

(A) — 0 and (B) — 0 contradict (8).

(2) We note that because h(w'|w, z) > 0 for all (w,w’, ) and [, h(w'|w, z)du(w') =
1 for all (w,z) € Q x X, the collection of densities, H, C E}%,is uniformly norm
bounded in £} (ie., ||h(|w,z)|; = 1 for all (w,z) € Q x X) and therefore, the
uniform p-continuity of H, (see [A-11](iv) above), implies that H,, C £}, is uniformly
integrable, i.e., for each € > 0, there is a c. > 0 such that for each ¢ > c.,

/ h(w'|w, z)du(w') < € for all z € X.
{w:h(w|w,2)>c}

Because H,, C E}Q is norm bounded and p-continuous - and therefore, uniformly

integrable - if for any pair of sequences, {v}}, and {z"},, we have v} — v% and
P
d



" o~ x*, so that by assumptions [A-1](11)(i)-(iv), h(w'|w, z™) - h(w'|w, z*) a.e.
(1] ian’ , implies that

1A (-|w, ") = h(-|w, 27)[l; — 0. (12)
Moreover, under assumptions [A-1](10) and [A-1](11)(i)-(iv), if v} P vy and " o
«* then by Remark (1) above we have that the sequence, {uq(w, v} ()C,l ") C LY C
L%, is such that

alio 0 7)o o v30).0%) € L5 (13)

Thus, (12) and (13) imply that ug(w, v} (-), 2") converges weak star to uq(w, v};(-), z*)
in £§° where {h(-|w,z")}, in LY the separable norm dual of £ converges in L}-
norm to h(:|lw,z*) € L. Therefore, we have that

fQ ug(w, v (W), ™) h(w'w, 2™)dp(w’) - fQ ug(w, v (W), z*)h(W|w, z*)dp(w’).

We note that if ug(w,v](-),2") = v}(-) for all n, d and w, then under assumptions
[A-1](11)(i)-(iii) - without [A-1](11)(iv) - if v} — v} and 2" — x*, then
pw; Px

fQ (W) h(w'|w, z™)dp(w’) 7 fQ v(W ) h(W|w, %) dp(w').
This is because

UQ (W) (W |w, 2™)dp(w') — [q UZ(w’)h(w’|w,x*)du(w')‘

<

/ o (W Yh(w |, 2 dp(w) — / oW |, ) ()
Q Q

(a)

J/

_l’_

/ o (o V(e |, ) dpa() — / oW (e |w, ) dp(e),
Q Q

()

and under assumptions [A-1](8) and (11)(i)-(iii),

(a) < M [o |h(w'|w,2™) = h(w'|w, 2%)| dp(w') — O,
and because v} — v¥ and h(-|w,z*) € L}, the separable norm dual of L%,

o 2 — oy e ()| — 0



3 One-Shot Games, Nash equilibria, and the Three Nash
Correspondences

3.1 One-Shot Games

In a strategic form game satisfying assumptions [A-1] above, each player’s expected
payoff function depends on the current state, w € €, the player’s coming state prices,
as represented by an essentially bounded measurable value function, w’ — vg(w’),
of the coming state w’ € Q (i.e., the player’s value function vy € Ei’,‘;), and the profile
(or m-tuple) of feasible actions,

(l‘d,l’_d) € @d(w) X qD_d(OJ) CXgxX_4g4=X (14)

chosen by all the players (i.e., player d's feasible action choice, 24 € ®4(w) C Xy
by player d and feasible action choices, x_g € ®_4(w) C X_4 by the other players).
Thus, in current state w, if player d’s value function is w’ — v4(w’), then player d's
expected payoff is given by,

Ug(w,vg, x) := /ud(w,vd(w'),x)h(w'lw,x)du(w’), (15)
Q

if players choose action profile z € ®(w) C X and if players’ probability density
(with respect to p) over the coming state, o’ is h(dw'|w, z), given current state w.
Here, for each player d, the integrand, u4(-,,-), is Caratheodory, measurable in w,
jointly continuous in (y4, x), affine in y4, and quasiconcave in 4. Thus, under assump-
tions [A-1], we will be able to show that the game’s relevant Nash payoff selection
sub-correspondence has the K-limit property and therefore is contractibly-valued -
implying that the game’s Nash payoff selection correspondence is approximable and
therefore has fixed points.

A one-shot game is a collection of parameterized, state-contingent strategic forms
games, denoted by

GO x LY) :={G(w,v) : (w,v) € QA x LF}, (16)

where each (w,v)-game contained in the one-shot game G(£2 x £$°) is given by

G(w,v) = Pq(w)  Ualw, v, (-,")) : (17)

constraint set payoff function/ ;.

3.2 Nash Equilibria

In the strategic form (w,v)-game, each player d = 1,2,...,m, seeks to choose a
feasible action, x4 € ®4(w) so as to maximize d's payoff - i.e., so as to solve the



problem

max,,eq,(w) Ud(w, Va, (Td, T—q))

= MaXy,co,(w) /Ud(w»vé(w'% (zd, T—q) ) MW |w, (T4, 7—q))dp(w’),
0

given current state w € €, player d's value function, vy € L§°, and the feasible
actions, x_g4, chosen by other players.
A profile of player actions, z* = (z7,...,2%,) € P1(w) X - X Opp(w) = P(w), is

rrm

a Nash equilibrium for the (w,v)-game, G, ), if for each player d € D
Ud((JJ, Ud, (x:l’ :Eid)) = maxmd€¢d(w) Ud(w7 Ud, (xda :E*,d))

3.3 The Three Nash Correspondences

Under assumptions [A-1] for each (w,v) € @ x L the (w,v)-game, G(w,v), has a
nonempty, py-compact set of Nash equilibria, A (w,v), and it is straightforward to
show that the Nash correspondence (i.e., the first Nash correspondence),

N(, ) i Qx LY — Pp(X) (18)
belonging to the collection of (w,v)-games (i.e., the one-shot game),
GOQX LY) :={G(w,v) : (w,v) € X x LF}, (19)

is upper Caratheodory, (Bg X B+, Bx)-measurable in (w,v) and p,,«-px-upper semi-
continuous in v.

Given the collection of (w,v)-games satisfying assumptions [A-1], with upper
Caratheodory (uC') Nash correspondence, (w,v) — N (w,v), the collection’s Nash
payoff correspondence, (w,v) — P(w,v) (i.e., the second Nash correspondence - the
composition correspondence), is given by

(w,v) — P(w,v) :=U(w,v,N(w,v)), (20)
where
U(w, v, N(w,v)) := Ugenr(ww) 1(U1(w,v1,2), .. ., U (W, U, T)) } - (21)

The Nash payoff correspondence P(+, -) induces a Nash payoff selection correspondence
(i.e., the third Nash correspondence),

v — S®(Py) := S®(P(-,v)), (22)

where S°(P,) is the set of all p-equivalence classes of measurable functions, Uy,
such that U, € P(w,v) a.e. [u]. Here, as in our earlier paper, we will show that there
exists v* € L3 such that v(w) € P(w,v) a.e. [y, i.e., such that v* € S®(Py).



4 The Error In Our Earlier Paper and Its Correction

In our earlier paper, we considered uC' correspondences, N (-, ), having continuum-
valued uC' sub-correspondences, 7(,-), i.e., continuum-valued uC' correspondences
such that

Grn(w,-) C GrN(w,-) a.e. [u]. (23)

We will denote by Z/{Cjc\/f (X) the set of all continuum-valued uC' sub-correspondences
belonging to the uC' correspondence, N(-,-). Here C¢(X) denotes the collection
of all nonempty, closed (and hence, compact), connected subsets of X - i.e., the
collection of all sub-continua belonging to X'). Noting that under assumptions [A-1],
if n(-,-) € L{CJC\YCC(X), then for each d =1,2,...,m,

(w,v) — pa(w,v) := Ug(w,va, n(w,v)), (24)

player d's Nash payoff sub-correspondence, py(-, ), is interval-valued, hence contractibly-
valued. We then showed that there exists v* € L5 such that

v*(w) € p1(w,v*) X -+ x pr(w,v*) a.e. [u]. (25)

This is all correct - but this is not what we intended to show, nor does (25) allow us
to concluded that all convex DSGs have stationary Markov perfect equilibria. Our
objective was to show that there exists v* € L3 such that

v*(w) € p(w,v*) == {(U1(w,v7,2), ..., Un((w,v},,2)) : © € n(w,v*)} ae. [u].
(26)

But we incorrectly stated that (26) could be deduced from (25) using implicit mea-
surable selection methods (e.g., Theorem 7.1 in Himmelberg, 1975). This is not the
case. We note that p(w,v*) is a subset of p1(w,v*) x -+ X p1(w,v*). Therefore, a
v* € LY satisfying (?77) does not necessarily satisfy (26). Moreover, in order to con-
clude that all convex DSGs have stationary Markov perfect equilibria, we must be
able to show that there exists v* € L{° satisfying (26). Here we will correct (or more
accurately, correctly complete) our earlier paper, and prove the result we intended
to prove. We will show that under assumptions [A-1] there exists v* € L§° satisfying
(26).

Our focus here, as before, will be on uC Nash payoff sub-correspondences,

(w,v) —>p(w,v) = U(W,Uﬂl(w»v)): (27)
and their induced Nash payoff selection sub-correspondences,
v — 8%(p(-,v)) = S (pv), (28)

where the uC Nash sub-correspondences, 7(-,-), from which p(-,-) is induced, is
continuum-valued (ensuring that p(-,-) is continuum-valued), and where n(-,-) be-
longs to a Nash correspondence, N(-,), belonging to a one-shot game satisfying



assumptions [A-1].° Thus, as before our main objective is to show that under as-
sumptions [A-1] the Nash payoff selection sub-correspondence, S*°(py.)), induced by
the Nash payoff sub-correspondence,

(wvv) —>p(w,v) = U(%”ﬂ?@av))a

for n(-,-) € Z/{CC , has fixed points.

Summary off Results

We will show that any such Nash payoff selection sub-correspondence, S (p(.)),
has the K-limit property and therefore is a K-correspondence. We say that the Nash
payoff selection sub-correspondence, Soo(p(.)), has the K-limit property if for any
sequence {(v",Ufy)}n C Gr8=(p(,) K-converging to (v, ﬁ(.)) € LY x L, where
Ul € p(w,v™) a.e. [p] for each n, the K-limit, ﬁ(.), is such that U, € Ls{U"} a.
e. [u]. Here, Ls{U/'} denotes the set of cluster points of the sequence, {U},, in
Y C R™. Because p(w,-) is upper semicontinuous on £§° a.e. [p], we have for any
sequence, {(v™, UZ_L))}n C GrS8>(p(.)) K-converging to (v, [,Af(.)) that Ls{U"} C p(w, )
a.e. [p]. Thus, we have for any sequence, {(v", U(’?))}n C GrS8*(p(,)) K-converging
to (v, [7(.)) that Sm(Ls{Ugf)}) C 8*(pg). We show here that for any one-shot game
where players have convex, compact metric action sets and player’s payoff functions
are affinely parameterized Caratheodory functions given by

Uda(w,va, T, T—q) = [qud(w,vqg(W’), Tq, z_aq)h(w'|w, xg, x_q)dp(w')

satisfying assumptions [A-1] above (including [A-1](11)(iv)), if the dominating prob-
ability measure, u, is nonatomic, then for any sequence,

{(v", U(ﬁ))}n C GrS8™(p(y)

~

K-converging to (v,U,),
U, € Ls{U"} C p(w,?) a.e. [u]. (29)

Thus, the K-limit function, ﬁ(.), for any such K-converging sequence taken from
the graph of the selection sub-correspondence, Gr§>(py.)), is a measurable selection
of the Ls-correspondence, Ls{U } and therefore is contained in S (pz) - implying
that the selection sub- correspondence v — S8(py), is upper semicontinuous in the
weak star topologies. We then use this fact, together with the decomposability of the
collection of pi-equivalence classes of measurable selections, S>(p,), for each v € L
and the nonatomicity of the dominating probability measure u to construct, for each
v € LJ°, a homotopy contracting S*(p,) onto an arbitrarily chosen selection, U(ll)
of §¥(py) - thereby showing that, for each v € L§°, the collection of p-equivalence
classes, S®(py), of selections is contractible. The contractible valuedness of S*°(p,)

5Fu and Page (2022) have shown that all one shot games satisfying assumptions [A-1] possess
continuum-valued ©C' Nash sub-correspondences.
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for each v € £, in turn implies that the Nash payoff selection sub-correspondence,
S°°(p(,)), is approximable and has fixed points.

Before we prove our key result on the K-limit property we will review some of
the fundamental results we will need concerning the relationship between weak star
convergence and K-convergence as well as decomposable sets of measurable selections.

5 w*"-Convergence and K-Convergence in Ly

A sequence, {v"},, C L, converges weak star to v* = (vi(-),...,v5(-)) € L,
denoted by v™ — v*, if and only if
P

/ (07 (@), 1)) g dpi(e0) — / (0 (), 1)) g () (30)
Q Q

for all I(+) € L.
A sequence, {v"},, C L§°, K-convergences (i.e., Komlos convergence - Komlos,
1967) to v* € LY, denoted by v" - v*, if and only if every subsequence, {v"* (-) },

of {v™(-)}n has an arithmetic mean sequence, {v"(+)}x, where

1 E
T = 1 D e, (31)
qg=1
such that
V" (w) g v*(w) a.e. [u]. (32)

The relationship between w*-convergence and K-convergence is summarized via the
following results (see Theorem A 2.1, Page, 2016): For every sequence of value func-
tions, {v"}, C L3, and v € L the following statements are true (i.e., the near
equivalence of w* and K convergence):

(i) If the sequence {v"},, K-converges to v,
then {v™}, w*-converges to v.

(ii) The sequence {v"},, w*-converges to v* if and only if
every subsequence {v"* }j of {v"},
has a further subsequence, {v"r },, K-converging to v*.

7

For any sequence of value function profiles, {v"},, in £3° it is automatic that

supn/Q [0 (W) ]| gm dpp(w) < +00. (34)

Thus, by the classical Komlos Theorem (1967), any such sequence, {v"},, has a
subsequence, {v™ }; that K-converges to some K-limit, v € L. Moreover, by
Proposition 1(1) in Page (1991),

U(w) € coLs{v"(w)} a.e. [p], (35)
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and by Proposition 1(2) there exists an integrable R™-valued function, v*(-), such
that v*(w) € Ls{v"(w)} a.e. [u] and

| o @adue) = [ sw)dute. (36)

Q

The fact that the K-limit, v € L§°, is an a.e. selection of the correspondence,
coLs{v"(-)}, is a key result in our proof that affinely parameterized upper Caratheodory
composition correspondences,

(w,v) — p(w,v) = {(U1(w,v1,2),...,Un((w,0m,z)) : © € n(w,v)},

induce a selection correspondence, v — S%°(py, ), having the K-limit property.

6 Decomposability in £{°

A subset S of L5F is said to be decomposable if for any two functions U(q) and U(ll) in
S and for any E € Bq, we have

For any uC' Nash payoff sub-correspondence, p(-,-) : Q2 x L — P¢(Y’), the induced
Nash payoff selection correspondence, Sw(p(.)), takes decomposable values. More-
over, for each v, S (py) is ||||;-closed (or Lk,.-closed) in £35,.. Thus, for any sequence
{U(’f)}n in §(p,) converging in L},-norm to U(O_) € L%n, we have U(Q) € S®(py).
We will denote by /18 (py) the Lk,.-closure of S®(p,) in £%,. By Lemma 1 in
Pales and Zeidan (1999), we know that, in addition to S*°(p,) being decomposable,
S®(py) is Lhm-closed in L£35,. Thus, we have

Cllsoo(pv) = Soo(pv)'
We also know by Corollary 1 in Pales and Zeidan (1999) that
cl18°° (pv)

_ {U(.) € L% : I{UM}n € S®(py) such that lim,

UZ?) — U(.)Hl = 0} .

Finally, note that £5° is E}%m-closed in £%,, and decomposable.

7 The K-Limit Property

Let (w,v) — p(w,v) := U(w,v,n(w,v)) be a uC composition sub-correspondence
with underlying continuum-valued uC sub-correspondence, 7(-,-) belonging to uC
correspondence, N (-, -), and let

v — S%(py)
be the induced selection sub-correspondence. We have the following formal definition

of the K-limit property.
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Definition 1 (The K-Limit Property and K-Correspondences):
We say that the selection sub-correspondence, Soo(p(.)), has the K-limit property if
for any K-converging sequence,

{(", U In € Gr&™=(p()),
the K limit, (0, ﬁ(l)), is such that
U, € Ls{U"} C p(w,d) a.e. [u].

Because {(v", U(Z))}n K-converges to K-limit, (v, (7(.)), {v"}, py=-converges to v
and {U(’f)}n pu-converges to Uy. Moreover, because p(w, ) is p,«-py-upper semi-
continuous, (v, U/") € Grp(w,-) a.e. [u] for all n, implies that Ls{U} C p(w,?) a.e.
[1]. Thus, if the selection sub-correspondence, S*(p(.)), has the K-limit property,
then for any K-converging sequence,

{(vn’ U(n))}n - £§/o X Coo’

with (v, U

(.)) € Gr8>(p(.)) for each n, the K limit, (v, ﬁ(,)) € LY x LY, is such
that

ﬁ(.) € SOO(LS{U(T.L)}) C S%(ps)-

Let N*° be the exceptional set (i.e., the set of y-measure zero) such for w € Q\N*°,
Ul € p(w,v™) for all n. For each n, we have by the Measurable Implicit Function
Theorem (e.g., Himmelberg, 1975, Theorem 7.1) a (Bgq, Bx)-measurable function,
a"(+) : @ — X, such that for each n and w € Q\N°°,
Ul =U(w,v", 2" (w)) € p(w,v™) with 2™(w) € n(w,v™),

w

and thus,
{(vn7 U(avnwrn())}n C GTSOOOQ()) - Ei.? X E?/O

An alternative statement of the K-limit property is
S%°(p(y) has the K-limit property if for any K-converging sequence,
{(W", UC,0",2"() I © Gr8=(p(y) C LY X LY,
with K-limit, (3,U,) € LY x LF, the K-limit, (3,U,), is such that
U, € U(w,, Ls{z™(w)}) C p(w,d) a.e. [u),

where
U(w,v, Ls{z"(w)}) = {U(w,v,2) € Y : & € Ls{z"(w)}}.

We note that Ls{U2} = U(w, v, Ls{z"(w)}).

Now we have our main result on the K-limit property for nonatomic convex DSG's

13



Theorem 1 (The K-Limit Theorem for nonatomic convex DSGs - the Nice
Lemma)

Let
(w,v) — p(w,v) = U(w,v,n(w,v))

= { Uy ta(w, 0ale), 2() (e o, 0) () g p 7 € (w0 0)

be the Nash payoff sub-correspondence induced by any continuum-valued Nash
sub-correspondence, 1(-,-), belonging to a nonatomic convex DSG. Then the
induced Nash payoff selection sub-correspondence,

v— Soo(pv) = Soo(p('v ’U)) = Sw(u(’ v, 77(" U)))’
has the K-limit property, and therefore, is a K-correspondence.

Proof: Let {(v", Ug?))}n C LY x L§P be any K-converging sequence with K-limit,
(v, T/J\(l)) € L x L, where for each n and w a.e. [,

Ul =U(w,v", 2" (w)) € p(w,v™)
and (37)
" (w) € n(w,v"),

with

Ul =U(w,v™, 2™ (w))

= (Jo talw, vj (W), 2™ (W) (W' |w, 2" (W) dp(w)) e p -

% Zn: ) and U : Z Ut (39)
k=1

denote the arithmetic mean functions induced by the sequences, {v"}, and {U (”)}n

Let

Because {v"}, C L3 K-converges to v € L3°, any sequence of arithmetic mean
functions, {v"* }y, belonglng to any subsequence {v" }i, of {v™},, converges pointwise
a.e. to v, implying that the sequence itself, {v"},, p,«-converges to v. Next let z*(-)
be an everywhere measurable selection of the Ls correspondence, w — Ls{z"(w)},
ie., *(w) € Ls{z"(w)} for all w € Q. By the Kuratowski-Ryll-Nardzewski Theorem
(1965) we know such a measurable selection exists. Let N be the exceptional set for
the K-converging sequence, {(v", UZ?))}”. Thus, for w € Q\N,

~

"(w), U") — @(w),Us) €Y X Y,

keeping in mind that for a subsequence of arithmetic mean function, {(@"(-), U (n )’“)}k,
induced by a subsequence, {(v"™ (), UZ? )‘“)} k of {(v™ ("), UZ?))}”, the exceptional set may
differ from N.
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Under assumptions [A-1], we have for any w € Q\ N, some subsequence, {2 (w) },

px-converges to z*(w), and because we also have v}* — 7y and
P
d

h(w'|w, 2™ (w)) — h(w'|w, 2" (w)) with [|A(-|w, 2™ (W) = h(|w, 2" (w))]; — 0,
we know that for d =1,2,...,m,

Jo ta(w, vg" (W), 2" (W) h(w'|w, 2 (w))dp(w')

(40)
— Jq ud(w, V(W) 2" (w)) (W' |w, 2% (w) ) dp(w’).
Next let
G"(w,w) = (ud(w,Uﬁ(w’),m”(w))h(wﬂw,x”(w)))d. (41)

Because |uq(w, v} (w'), 2" (w))| < M and because h(-|w, z™(w)) is a probability density,
we have for all d, n and (w,w’) that the sequence of functions, {G" (-, )} C L (2 x
2), is norm bounded. We have for all n,

Uz = /Q " w, ) dp(w) = ( /Q ud<w,v3<w'>,x“(w»h(w/rmx“(w))du(w'>)d
(42)

Thus,
Ls{Ul} = { (Jq ua(w, Da(w'), 2*(w)) AW |w, 2*(w))dp(w)) , : 2*(w) € Ls{a"(w)}}

= Ls{ [ G"(w,w)dpu(w)}.
(43)
Also applying Komlos (1967), we can assume without loss of generality that the norm
bounded sequence of R™-valued integrable functions, {G"(-,)}, K-converges to K-
limit G(-,-) € L. (2 x Q).7 Therefore, for w off of some exceptional set, Ng, we

"Here, each G™(-, ) is an integrable, R™-valued function defined on the product probability space,
(Q X Q,BQ X BQ,}L@}L).
Let A := p® p and let

()= =G (),

By K-convergence, we have that G"(w,w’) —gm G(w,w’) for (w,w’) off an exceptional set E €

~

Bq x Bq with )\(E) = 0. We have for the exceptional set F that

AN = / (B (w))du(w) = 0,

where N ~
E(w):= {w/ €Q: (w,w) € E},
implying that for some N with u(Ng) = 0, u(E(w)) = 0 for all w € 2\ N¢ Thus for each w € Q\Ne

G (w,w') — G(w,w’) for " a.e. [u],

(see Ash, 1972).
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have that
1 n
== E G(w,w') a.e. [p] in o', (44)

and therefore for w € Q\ (N U NG),

”'—1Zk1fg (w, w')dp(w’)

. . (45)
= [ 230 GF(w,w)du(w) g Jo G(w,w")dp(w') = Us.
Next, consider the auxiliary function
FY(w,w') := (ug(w, va(w'), 2" (w))2(w|w, 2" (w))) 4 (46)

where for each d the value function, v%(-), in the definition of the function G™(,)
(see expression (41)) is replaced by the K-limit function, v4(-), in the definition of
the function F™(-,-) in expression (46). Thus, by Remarks 1 and 2 we have for
any measurable selection, z*(-), of the Ls correspondence, Ls{z"(-)}, for any w €

Q\ (NUN@), and for any subsequence, {z"*(w)}y, such that 2" (w) — z*(w),
Px
that
(0, a(-), 2™ () — wal, B, () for cach d, (47)
pw;
and
h(w'|w, 2™ (w)) — h(w'|w, 2" (w)) with [|A(-|w, 2™ (w)) = A(|w, (W) [l; — O,
we because {h(-|w,z™(w))}, C LY is uniformly integrable, we have for each d and
each w € Q\ <]/\7 U ]Vg>,

Jo F(w,0)du(w) = [ ua(w, Da(w'), 2 (w)) (' |w, 2™ (w))dp(w) }
N}

s Joyualw, Ba(), 2 (@) (o, () dia() € L oy F(w, ' da(e

(48)
We also have for any w € Q\ (N U NG),
ug(w, Va(w'), 2" (w)) h(w'|w, 2™ (w))
- ug(w, 0g(W), 2*(w)) (W |w, z*(w)) € Ls{F"(w,w')} a.e. [u] in ', (49)

so that
Jo ta(w, Da(w'), 2" (W) AW |w, ¥ (w))dp(w') € Jo Ls{F™(w,w") }dp(w’)
Thus, we have for the sequence of auxiliary function values, {F"(w,w’)},, and the
sequence, {G™(w,w’)}, that for any w € Q\ <N U Ng>,

Ls{ [ F™(w, " )dp(w')} = [q Ls{F™(w, ) }dp(w’), }

and
Ls{ [ F™(w, " )dp(w')} = Ls{ [ G™(w, W )dp(w')}.

(50)
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Finally, by Page (1991) Proposition 1(1), we have that a.e. [u] in w
U, € coLs{U"} = coLs{/ G (w,w")dp(w")}, (51)
Q

and therefore by (50) we have for w off the exceptional set that

U, € coLs{U'} = coLs{ [ G"(w,w’)dp(w’)}
= coLs{fQ F"(w,w")dp(w)} (52)

= co [o Ls{F™(w, ) }dp(w’).

By the properties of Aumann integrals over nonatomic probability spaces (see Hilden-
brand, 1974), we have that

co / Ls{F™(w, ') bp(w') = / Ls{F™(w, ') (), (53)
Q Q

and again by (50), we have that

/ Ls{F™(w,)}dp(w') = L} / F (w0, )dp()}, (54)
Q Q

implying via (50) that

LS{/ F'w,w)dp(w)} = LS{/ G"(w,w)dp(w')} = Ls{UJ}. (55)
Q Q
Thus, by Proposition 1 in Page (1991) and (50)-(55), we have that

U, € coLs{U"} = coLs{ [ G"(w,w")dp(w’)}

= Ls{ Jo G"(w,w)dp(w")} = Ls{U}.

We can conclude, therefore, that in a nonatomic, convex DSG, if we are given any
K-converging sequence {(v",U(’f))}n C S>®(p(,v™)) = S>®(u(-,v",n(-,v™))), with

K-limit (9, U, (), where for each n
U = u(w, 0", 2"()) € plw, o™) and 2"(w) € 7(w,v") ace. [u],

then there exists for each w, off some exceptional set of measure zero, a U} € Ls{U}
such that U}, = ﬁw. Thus, the selection sub-correspondence, Soo(p(.)), has the K-
limit property, and therefore, is a K-correspondence. Q.E.D.

By the Theorem 1 above, the K-limit ﬁ(.) of a K-converging sequence of a.e.
selections, {U(f)}n, of p(-,v™) for each n is an a.e. measurable selection of the Ls
correspondence, LS{UZ?)}, induced by the sequence. As we show below, the K-limit
property, a property inherit to all nonatomic convex DSGs with player payoff func-
tions given in expression (38), is sufficient to guarantee that all nonatomic convex
DSG's have Nash payoff selection correspondences having fixed points.
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8 A Fixed Point Theorem for Nonatomic Convex DSG's

Let (w,v) — p(w,v) := u(w, v, n(w,v)) be a Nash payoff sub-correspondence induced
by a continuum-valued Nash sub-correspondence belonging to a nonatomic convex
DSG. We will show that because the uC' Nash payoff selection sub-correspondence,
S§°°(p(,)), induced by any continuum-valued Nash sub-correspondence belonging to a
nonatomic convex DSG has the K-limit property, S®(p(.)) is @ pyx-py--USCO taking
contractible values - implying that S*°(p(.)) is py»-py,»-approximable and therefore
that $>(p(.)) has fixed points.®

8.1 The Contractibility Result

Theorem 2 (8°°(p()) is @ pyyx-py+-USCO taking contractible values in L3°)
Let
(w7 U) - p(W, U) = U(OJ, v, U(Wa U))

be the Nash payoff sub-correspondence induced by any continuum-valued Nash
sub-correspondence belonging to a nonatomic conver DSG. Then S*(p()) is a
Pur-Pu+-USCO and for each v € LS, S®(py) is contractible.

Proof: First, by Theorem 1 above, S“(p(.)) is a K-correspondence, under as-
sumptions [OSG](1)-(11) it follows from Komlos (1967) and Page (1991) that for
each v € LY, §¥(py) is py»-compact. Therefore, to show that S*(p(.)) is a py«-
pu+-USCO, it suffices to show that GrS&™(p(.)) is p«xy+-closed in L§° x L3, Let

{(v", U(rf))}n be any sequence in GrS*°(p(.)) such that v" — v* and ugy — Uy.
Paw* Paw*
We have then a subsequence, {(v"*, U€ ;“)}k, such that

N Nk

vt — v and Ug - ﬁ(_), with 5(w) = v*(w) and U, = U* a.e. [u].
Because $*°(p(.)) is a K-correspondence, (v, (7(.)) € Gr8*(p()). Thus, we have
(U*, U(*)) S GTSOOOD(.)).

Next, for S®(p(.)) a py=-pyu+-USCO, we will show that because the dominating
probability measure, p, is nonatomic, for each v, S*(P,) is contractible.

As shown by Fryszkowski (1983), if x4 is nonatomic Lyapunov’s Theorem (1940)
on the range of a vector measure guarantees the existence of a family of measurable
sets, { Ei¢}efo,1), such that

t’gt:>Et/gEt,E():@andEle,and} (56)

p(Ey) = tu(2) =t.

Using the properties of this system of measurable sets and the decomposability of
S%(py) for each v € L$?, we will show that for each v the function h,(:,-) given by

hU<U(.),t) = U(]:)IEt<')+U(4)IQ\Et(') € §%(py) for all (U(.),t) € S®(py) x [0,1] (57)

8An USCO is an upper semicontinuous correspondence taking nonempty, compact values (e.g.,
Hola and Holy, 2015).
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is a homotopy (and in particular, a contraction of S*(p,) to U(l,)). Here v € L

is fixed, Ig(-) is the indicator function of set E, and U(l.) is any fixed selection in

S%(p).-
It suffices to show that hy(,-) iS pyex|.|-py+-continuous. Let {( t”)}n be a
sequence such that
U — U/, and t" — t*.
() pye ©) R
We must show that

ho(UR), ") — Ty (U7, 1) € S¥(py). (58)

Paw*

Rewriting and substituting, we must show that for all I € £} Rms

H= / (UM g (@) — Ublg. (@) 1)) du(w) |
Q

(a)

(59)
+ [ (U2 @) = Ul () 1)) di() — 0.
®)
We have for (59)(b) that
AU oy () = Voo, () 1)) d(e)
®) . (60)

Because the sequence {I(-)Io\gyn (-)n € Lim [|[|y-converges to I(-) I\ g,. () € Lim,

the fact that UZ?) — (* ) implies that
Pa*

Jo (U, Uw) oy B, (W) dpp(w) — [ (U, Uw) oy B, (W) dpa(w). (61)

Thus, in expression (59), (b) — 0. Similarly, for (59)(a) we have that

/ (U250 () ~ Ul () 1) dis)
- (62

= Jo (US Uw) B (w)) dp fQ (UL Uw) g, (w)) dp(w),

and because the sequence {I(-)Ig,.(-)}n C Lhn ||||;-converges to I(-)Ig,.(-) € L,
we have that

| U 1T @) dinte) — [ (U2 1T, ) ). (63)
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We have then, in expression (59), (a) — 0.

Together, (61) and (63) imply that (58) holds. Thus, given the properties of the
Lyapunov system (56), the function given in (57) is, for each v € L5°, pym|.|-Pu-
continuous, and therefore, specifies a homotopy for the set of measurable selections,
S (py) - and thus for each v, $*°(p,) is contractible. Q.E.D.

Our proof that S>(p,) is contractible for each v is a modified version of the
proof given by Mariconda (1992) showing that if the underlying probability space is
nonatomic then any decomposable subset of F-valued, Bochner integrable functions
in E}E is contractible (where E is a Banach space). In Mariconda’s result, the space
of functions is equipped with the norm in £1,, while here our space of functions (with
each function taking values in Y C R™) is equipped with the metric, p,,«, compatible
with the w* topology.

8.2 The Approximability and Fixed Point Results

The importance of the K-limit property in a nonatomic probability space derives
from the fact that it guarantees that S*(p(.)) is a p,«-p,,»-USCO taking contractible
values. This in turn guarantees approximability and the existence of fixed points, as
our next results show.

Theorem 3 (S°°(p(.)) 5 pyy-py-approzimable)
Let
(w7 U) - p<w7 U) = u(w, v, 77(0% U))

be the Nash payoff sub-correspondence induced by any continuum-valued Nash
sub-correspondence belonging to a nonatomic convexr DSG. Then S™(p()) is a
Pu*-Pu+-approximable.

Proof: Because S*(p(.)) is a contractibly-valued p,,«-p,,«-USCO, by Corollary 5.6
in Gorniewicz, Granas, and Kryszewski (1991), because S*(p(.)) is defined on the
ANR (absolute neighborhood retract) space of value functions £3° and takes non-
empty, compact, and contractible values in £§° (and hence oo-proximally connected
values - see Theorem 5.3 in Gorniewicz, Granas, and Kryszewski, 1991), S*°(p(.)) is
a J mapping. Therefore, by Theorem 5.12 in Gorniewicz, Granas, and Kryszewski
(1991), 8%°(p(.)) is py»-py+-approximable. Q.E.D.

We can now state our main fixed point result.

Theorem 4 (S*(p(.y) has fized points)
Let
(w7 U) - p(W, U) = U(OJ, v, U(Wa U))
be the Nash payoff sub-correspondence induced by any continuum-valued Nash

sub-correspondence belonging to a nonatomic conver DSG. Then S¥(p(.)) has a
fized point (i.e., there exists v* € L such that v* € S™(py+)).

Proof: By Theorem 3 above S%(p(.)) is py«-p,~-approximable. Therefore, we
have for each n, a p,«-p,«-continuous function, ¢g"(-) : £ — L§°, such that for
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each (v",Ufl)) € Grg" C L x L (i.e., for each (v",U()) € LI x L, with Uy =
g"(v™) € L§P) there exists (W,U?)) € Gr8™(p(.)) such that

P (V") + por (UL, T () < 5 (64)

Equivalently, for any positive integer, n, Grg™ C Bw*xw*(%, GrS8*(p()). Thus, the
graph of the continuous function ¢g" : £3° — L§° is contained in the p«,+«-open
ball of radius  about the graph of S (p(,)).

Because each of the functions, g", is p,«-p,~-continuous and defined on the p,, .-
compact and convex subset, £3°, in L%, taking values in L3°, it follows from the
fixed point theorem of Schauder (see Aliprantis and Border, 2006), that each ¢"
has a fixed point, v" € L3 (i.e., for each n there exists some v" € L3 such that
o™ = g"(v™)). Let {v"},, be a fixed point sequence corresponding to the sequence of
Pu+-Pu-continuous approximating functions, {¢"(-)},. Expression (64) can now be
rewritten as follows: for each v™ in the fixed point sequence, there is a corresponding

pair, (7", U?_)) € GrS8>(p(.)), such that

P (,Un7vn) + P (gn(vn)’ﬁ?)) < %7

and therefore such that

3=

P (vn,gn) T Py (UH7U?)) <
— (65)
B

By the p,,«-compactness of L$°, we can assume WLOG that the fixed point sequence,
{v"}, C L, p,--converges to a limit v* € L3°. Thus, by part A of (65), as n — oo

we have
" — v* and ¥ — 0¥,
Paw* Puw*

and therefore by part B of (65), as n — 0o we have

=1
Uy — v*.
() Pw* v

Because S (p(.)) 18 py» xyr-closed in L§F x LT,
{@",U{))}n C Gr8=(p.),

and 7" — v* and U?,) — v* imply that (v*,v*) € §¥(p(y). Therefore, v* €
Pw* Pw*

S®(py+). Q.E.D.
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